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Categorification

{Elements in a set} 1:1←→ {Objects in a category}

e.g., the Gabriel’s Theorem gives

{
Positive roots
in type A,D,E

}
1:1←→


Indecomposable modules

of the path algebra
in type A,D,E


• An : ◦ ◦ ◦ · · · ◦ ◦

• Dn :

◦
◦ ◦ · · · ◦ ◦

◦
• E6, E7, E8
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Cyclotomic Hecke algebra
a.k.a. Ariki-Koike algebra

• g: a certain Kac-Moody algebra
• Λ: a dominant integral weight for g
• V (Λ): the irreducible highest weight module over g
• HΛ: the cyclotomic Hecke algebra associated with Λ

Lie Theory Representation Theory
Weight spaces of V (Λ) Blocks of HΛ

Crystal graph of V (Λ) Socle branching rule for HΛ

Canonical basis in V (Λ) over C Indecom. projective HΛ-modules

Action of the Weyl group Derived equivalences
of g on V (Λ) between blocks of HΛ
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One then wants to
• draw the quantized enveloping algebra Uq(g) into the picture;
• give a grading on cyclotomic Hecke algebras.

This motivates the study of cyclotomic quiver Hecke algebras
(a.k.a. cyclotomic Khovanov-Lauda-Rouquier algebras).

{Group algebras of symmetric groups}

⊆ {Hecke algebras of type A}

⊆ {Cyclotomic Hecke algebras of type G (k , 1, n)}

⊆ {Cyclotomic quiver Hecke algebras of type A
(1)
ℓ }
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Quiver Representation Theory

Quivers:

◦
µ //

α
%%

◦
ν
oo βee , ◦ // ◦ // ◦ ,

◦
)) ◦ // ◦

◦
55 .

• path ω: e.g., (αµβν)m, (µν)nαk , (αµν)k(µβν)m , ...

Bound quiver algebra A = KQ/I :

I = ⟨
∑
λiωi , · · · ⟩
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Representation type of algebra

Trichotomy Theorem (Drozd, 1977)
The representation type of an algebra A (over K ) is exactly one of
rep-finite, tame and wild.

An algebra A is said to be
• rep-finite if the number of indecomposable modules is finite.
• tame if A is not rep-finite, but all indecomposable modules

can be organized in a one-parameter family in each dimension.
• wild if there exists a faithful exact K -linear functor from the

module category of K ⟨x , y⟩ to modA.

"The representation type of symmetric algebras is preserved
under derived equivalence." (Rickard 1991, Krause 1998)
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Cyclotomic quiver Hecke algebras
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Lie theoretic data

Let I = {0, 1, ..., ℓ} be an index set. Recall that

A
(1)
ℓ :

ℓ
rr0 // 1 // · · · // ◦ // ◦

ll

C
(1)
ℓ : 0 //// 1 // · · · // ◦ ℓoooo

+B
(1)
ℓ ,D

(1)
ℓ ,A

(2)
2ℓ ,A

(2)
2ℓ−1,D

(2)
ℓ+1,E

(1)
6 ,E

(1)
7 ,E

(1)
8 ,F

(1)
4 ,G

(1)
2 ,E

(2)
6 ,D

(3)
4 .

Set nij := #(i → j). We define the Cartan matrix A = (aij)i ,j∈I by

aii = 2, aij =


−nij if nij > nji ,
−1 if nij < nji ,
−nij − nji otherwise,

(i ̸= j).
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Cyclotomic quiver Hecke algebra
Set

Λ = a0Λ0 + a1Λ1 + · · ·+ aℓΛℓ, ai ∈ Z≥0,

β = b0α0 + b1α1 + · · ·+ bℓαℓ, bi ∈ Z≥0.

The cyclotomic quiver Hecke algebra RΛ(β) is the K -algebra
generated by

{e(ν) | ν = (ν1, ν2, . . . , νn) ∈ I n}, {xi | 1 ≤ i ≤ n}, {ψj | 1 ≤ j ≤ n − 1},

subject to some relations.

• RΛ(β) is a symmetric algebra, see [Shan-Varagnolo-Vasserot, 2017].

• RΛ(β) ∼derived RΛ(β′) if both Λ− β and Λ− β′ lie in

{µ− kδ | µ ∈ max+(Λ), k ∈ Z≥0}.
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max+(Λ)

Theorem (Kim-Oh-Oh, 2020)
There is a bijection ϕΛ : max+(Λ)→ P+

k (Λ).

Set Λ = ai1Λi1 + ai2Λi2 + · · ·+ ainΛin , aij ̸= 0. Then,

|Λ| := ai1 + · · ·+ aij and ev(Λ) := i1 + · · ·+ in.

In type A
(1)
ℓ , we have

P+
k (Λ) :=

{
Λ′ ∈ P+ | |Λ| = |Λ′| = k , ev(Λ) ≡ℓ+1 ev(Λ′)

}
.

In type C
(1)
ℓ , we have

P+
k (Λ) :=

{
Λ′ ∈ P+ | |Λ| = |Λ′| = k , ev(Λ) ≡2 ev(Λ′)

}
.
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Recall that ⟨hi ,Λj⟩ = δij . We define yi := ⟨hi ,Λ− Λ′⟩ and

YΛ′ := (y0, y1, . . . , yℓ) ∈ Zℓ+1.

Theorem (Ariki-Song-W., 2023)
The equation AX t = Y t

Λ′ has a unique solution X = (x0, x1, . . . , xℓ)
satisfying

xi ≥ 0 and min{xi − δ} < 0.

Set βΛ′ := x0α0 + x1α1 + · · ·+ xℓαℓ. Then,

ϕ−1
Λ : P+

k (Λ) → max+(Λ)

Λ′ 7→ Λ− βΛ′ .
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Structure of P+
k (Λ)
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Constructions in affine type A

Λ′ = Λi + Λj + Λ̃ ∈ P+
k (Λ) ⇒ Λ′

i−,j+ := Λi−1 + Λj+1 + Λ̃ ∈ P+
k (Λ)

e.g., P+
3 (Λ0 + Λ3 + Λ6) in type A

(1)
6

Λ4 + 2Λ6 2Λ5 + Λ6

Λ0 + Λ4 + Λ5 Λ1 + 2Λ4

Λ0 + Λ3 + Λ6 Λ1 + Λ3 + Λ5 Λ2 + Λ3 + Λ4 3Λ3

Λ1 + Λ2 + Λ6 2Λ2 + Λ5

2Λ0 + Λ2 Λ0 + 2Λ1
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We define

∆i−,j+ :=

{
(0i , 1j−i+1, 0ℓ−j) if i ≤ j ,
(1j+1, 0i−j−1, 1ℓ−i+1) if i > j .

We draw an arrow Λ′ −→ Λ′
i−,j+ if

XΛ′ +∆i−,j+ = XΛ′
i−,j+

e.g.,
(14, 03)

+∆(6,6)

��

+∆(6,4) // (24, 1, 0, 1)

(14, 02, 1)

+∆(0,4)

55

+∆(5,0) // (2, 13, 0, 1, 2)

(07)
+∆(6,0) //

+∆(6,3)
00

+∆(0,3)

11

+∆(3,0)

..

+∆(3,6)

--

(1, 05, 1)
+∆(5,1) //

+∆(5,3)

55

+∆(3,1)

))

+∆(3,5)

��

+∆(1,3)

OO

(2, 1, 03, 1, 2)
+∆(4,2) //

+∆(2,3)

OO

+∆(3,4)

��

(3, 2, 1, 0, 1, 2, 3)

(1, 02, 14)
+∆(6,1) //

+∆(2,6)

))

(2, 1, 0, 13, 2)

(03, 14)
+∆(2,0) //

+∆(0,0)

OO

(1, 0, 1, 24)
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Constructions in affine type C
Λ′ ∈ P+

k (Λ) ⇒ Λ′
i± := Λi±2 + Λ̃ ∈ P+

k (Λ)

⇒ Λ′
i±,j± := Λi±1 + Λj±1 + Λ̃ ∈ P+

k (Λ)

e.g., P+
2 (2Λ2) in type C

(1)
4

2Λ0

2Λ1 Λ0 + Λ2

2Λ2 Λ1 + Λ3 Λ0 + Λ4

2Λ3 Λ2 + Λ4

2Λ4
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We define
• ∆i+ := (1, 2i , 1, 0ℓ−i−1), ∆i− := (0i−1, 1, 2ℓ−i , 1).

• ∆i+,j+ := (1, 2i , 1j−i , 0ℓ−j), ∆i−,j− := (0i , 1j−i , 2ℓ−j , 1).

• ∆i−,j+ :=

{
(0i , 1j−i+1, 0ℓ−j) if i ≤ j ,
(1, 2j , 1i−j−1, 2ℓ−i , 1) if i ≥ j + 2.

Set ∆ and Λ′′ for Λ′
i± , Λ′

i±,j± , Λ′
i−,j+ , respectively.

We draw an arrow Λ′ −→ Λ′′ if

XΛ′ +∆ = XΛ′′ .
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e.g., the quiver for P+
2 (2Λ2) in type C

(1)
4 is displayed as

2Λ0

2Λ1
∆1−,1+ //

∆1−,1−

OO

Λ0 + Λ2

∆2−

bb

2Λ2
∆2−,2+ //

""

<<

∆2+,2+

��

∆2−,2−

OO

Λ1 + Λ3
∆1−,3+ //

∆1+,3+

��

∆1−,3−

OObb

||

Λ0 + Λ4

∆4−

cc

∆0+

{{
2Λ3

∆3−,3+ //

∆3+,3+

��

Λ2 + Λ4

∆2+

||
2Λ4

⇐⇒

(0, 2, 42, 1)

(02, 22, 1)
∆1−,1+ //

∆1−,1−

OO

(0, 1, 22, 1)

∆2−

dd

(05)
∆2−,2+ //

$$

::

∆2+,2+

��

∆2−,2−

OO

(02, 1, 02)
∆1−,3+ //

∆1+,3+

��

∆1−,3−

OOdd

zz

(0, 1, 2, 1, 0)

∆4−

ee

∆0+

yy
(1, 22, 02)

∆3−,3+ //

∆3+,3+

��

(1, 22, 1, 0)

∆2+

zz
(1, 42, 2, 0)



Background KLR algebras Maximal weights References

Rule to draw arrows

Let ∆+
fin be the set of positive roots of the root system of type X .

• If X = Aℓ, ∆+
fin = {ϵi − ϵj | 1 ≤ i < j ≤ ℓ+ 1}.

• If X = Bℓ, ∆+
fin = {ϵi | 1 ≤ i ≤ ℓ} ⊔ {ϵi ± ϵj | 1 ≤ i < j ≤ ℓ}.

• If X = Cℓ, ∆+
fin = {2ϵi | 1 ≤ i ≤ ℓ} ⊔ {ϵi ± ϵj | 1 ≤ i < j ≤ ℓ}.

• If X = Dℓ, ∆+
fin = {ϵi ± ϵj | 1 ≤ i < j ≤ ℓ}.

Then, the set ∆+
fin ⊔ (δ −∆+

fin) gives all arrows Λ′ −→ Λ′′.
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Arrows in affine type A

Recall that δ = α0 + α1 + · · ·+ αℓ = (1, 1, . . . , 1). Then,

∆+
fin ⊔ (δ −∆+

fin) = {ϵi − ϵj , δ − (ϵi − ϵj) | 1 ≤ i < j ≤ ℓ+ 1}.

We have ∆i−,j+ =
(0i , 1j−i+1, 0ℓ−j) = ϵi − ϵj+1 if 0 < i ≤ j ≤ ℓ,
(1j+1, 0ℓ−j) = δ − (ϵj+1 − ϵℓ+1) if 0 = i ≤ j ≤ ℓ− 1,
(1j+1, 0i−j−1, 1ℓ−i+1) = δ − (ϵj+1 − ϵi ) if 0 ≤ j < i ≤ ℓ.
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Arrows in affine type C
Recall that δ = α0 + 2α1 + · · ·+ 2αℓ−1 + αℓ = (1, 2, . . . , 2, 1).
• ∆i+ = (1, 2i , 1, 0ℓ−i−1) = δ − (ϵi+1 + ϵi+2).

⇒ {δ − (ϵi + ϵi+1) | 1 ≤ i ≤ ℓ− 1}.

• ∆i− = (0i−1, 1, 2ℓ−i , 1) = ϵi−1 + ϵi .

⇒ {ϵi + ϵi+1 | 1 ≤ i ≤ ℓ− 1}.

• ∆i+,j+ = (1, 2i , 1j−i , 0ℓ−j) with i + 1 ̸= j .

⇒ {δ − (ϵi + ϵj) | 1 ≤ i ≤ j ≤ ℓ− 1, i + 1 ̸= j}.

• ∆i−,j− = (0i , 1j−i , 2ℓ−j , 1) with i + 1 ̸= j .

⇒ {ϵi + ϵj | 1 ≤ i ≤ j ≤ ℓ− 1, i + 1 ̸= j}.

• ∆i−,j+ with i ̸= 0, j ̸= ℓ, i − 1 ̸= j .

⇒ {ϵi − ϵj , δ − (ϵi − ϵj) | 1 ≤ i < j ≤ ℓ− 1}.
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Key Lemmas

Lemma 1
The quiver C⃗ (Λ) of P+

k (Λ) is a finite connected quiver.

Lemma 2
Suppose Λ = Λ̄ + Λ̃. There is a directed path

Λ(1) // Λ(2) // · · · // Λ(m) ∈ C⃗ (Λ̄)

if and only if there is a directed path

Λ(1) + Λ̃ // Λ(2) + Λ̃ // · · · // Λ(m) + Λ̃ ∈ C⃗ (Λ).
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Lemma 3
Suppose that there is an arrow Λ′ −→ Λ′′ in C⃗ (Λ). If RΛ(βΛ′) is
representation-infinite (resp. wild), then so is RΛ(βΛ′′).

Lemma 4
Write Λ = Λ̄ + Λ̃. If R Λ̄(β) is representation-infinite (resp. wild),
then RΛ(β) is representation-infinite (resp. wild).
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Rep-finite and tame sets in affine type A
Set i0 := ih, ih+1 := i1 and write

Λ = mi1Λi1 + · · ·+mijΛij +mij+1Λij+1 + · · ·+mihΛih

For any 1 ≤ j ≤ h, we define

F (Λ)0 :=
{
Λi−j ,i+j

| mij = 2
}

F (Λ)1 :=
{
Λi−j ,i+j+1

| mij = 1,mij+1 = 1
}

T (Λ)1 :=
{
Λi−j ,i+j+1

| mij = 1,mij+1 > 1 or mij > 1,mij+1 = 1
}

T (Λ)2 :=
{
(Λi−j ,i+j

)(ij−1)−,(ij+1)+ | mij = 2, ij−1 ̸≡ℓ+1 ij − 1, ij+1 ̸≡ℓ+1 ij + 1
}

if charK ̸= 2

T (Λ)3 :=
{
(Λi−j ,i+j

)i−j ,(ij+1)+ or (ij−1)−,i+j
| mij = 3, ij+1 ̸≡ℓ+1 ij + 1 or ij−1 ̸≡ℓ+1 ij − 1

}
if charK ̸= 3

T (Λ)4 :=
{
(Λi−j ,i+j

)i−j ,i+j
| mij = 4

}
if charK ̸= 2

T (Λ)5 :=
{
(Λi−j ,i+j

)i−p ,i+p
| mij = mip = 2, ip ̸≡ℓ+1 ij ± 1, j ̸= p

}
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Set
F(Λ) := {βΛ′ | Λ′ ∈ {Λ} ∪ F (Λ)0 ∪ F (Λ)1},

T(Λ) := {βΛ′ | Λ′ ∈ ∪1≤j≤5T (Λ)j}.

Theorem (Ariki-Song-W., 2023)
Suppose |Λ| ≥ 3. Then, RΛ(β) is representation-finite if β ∈ F(Λ),
tame if one of the following holds:
• β = δ, Λ = kΛi , ℓ = 1 with t ̸= ±2,
• β = δ, Λ = kΛi , ℓ ≥ 2 with t ̸= (−1)ℓ+1,
• β ∈ T(Λ).

Otherwise, it is wild.
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e.g., rep-type of C⃗ (Λ0 + Λ3 + Λ6) in type A
(1)
6 is displayed as

Λ4 + 2Λ6 F

(6,6)

��

(6,4) // 2Λ5 + Λ6 W

Λ0 + Λ4 + Λ5 F

(0,4)

77

(5,0) // Λ1 + 2Λ4 W

Λ0 + Λ3 + Λ6 F
(6,0) //

(6,3)

22

(0,3)

22

(3,0)

,,

(3,6)

,,

Λ1 + Λ3 + Λ5 F
(5,1) //

(5,3)

77

(3,1)

''

(3,5)

��

(1,3)

OO

Λ2 + Λ3 + Λ4 W
(4,2) //

(2,3)

OO

(3,4)

��

3Λ3 W

Λ1 + Λ2 + Λ6 F
(6,1) //

(2,6)

''

2Λ2 + Λ5 W

2Λ0 + Λ2 F
(2,0) //

(0,0)

OO

Λ0 + 2Λ1 W
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e.g., rep-type of C⃗ (2Λ2) in type C
(1)
4 is displayed as

2Λ0 W

2Λ1 W
//

OO

Λ0 + Λ2 W

cc

2Λ2 F
//

##

;;

��

OO

Λ1 + Λ3 F
//

��

OOcc

{{

Λ0 + Λ4 T/W

dd

zz

2Λ3 W
//

��

Λ2 + Λ4 W

{{

2Λ4 W
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Thank you! Any questions?

Background


Categorification;
Cyclotomic Hecke algebras;
Bound quiver algebras;
Representation type: rep-finite, tame, wild.

Objects



Lie theoretic data;
Cyclotomic KLR algebras;
max+(Λ) and P+

k (Λ);

Rule to draw arrows;
Rep-finite and tame sets in affine type A.
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