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Bound quiver algebra

A = KQ/I , e.g.,

Q : 1α
%% µ // 2

ν
oo βee

I =
〈
α3, β3, µν, νµ, αµβ, βνα, ναµ, µβν, να2µ, µβ2ν

〉
.

The indecomposable projective A-modules are

P1 =

1

µ α

µβ αµ α2

µβ2 α2µ

≃

1

2 1

2 2 1

2 2

P2 =

2

ν β

να βν β2

να2 β2ν

≃

2

1 2

1 1 2

1 1

.

Then, A = P1 ⊕ P2 is naturally Z≥0-graded.
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Abelian category

The module category of B = K ( 1 // 2 // 3 ) is given by

•
��

•

??

��

•
��

•

??

•

??

•

The module category of C = K ( 1 // 2 3oo ) is given by

•
��

•

•

??

��

•
��

??

•

??

•
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Triangulated category

The derived category of B = K ( 1 // 2 // 3 ) is given by
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Derived equivalence

A,B: two arbitrary algebras.

Theorem (Rickard, 1989)
A is derived equivalent to B, i.e., Db(mod A)

∼−→ Db(mod B), if
and only if there is a tilting complex T in tilt A such that

B ≃ EndA T .
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Hecke algebras



Introduction Hecke algebras τ -tilting theory Application

Coxeter generators
The Iwahori-Hecke algebra H(Sn) is the Z[q, q−1]-algebra
generated by {Ti | 1 ≤ i ≤ n − 1} subject to

(Ti + 1)(Ti − q) = 0

TiTj = TjTi if |i − j | ≠ 1, TiTjTi = TjTiTj if |i − j | = 1.

The cyclotomic Hecke algebra (a.k.a. Ariki-Koike algebra) HΛ
n

associated with Λ = Λi1 + Λi2 + · · ·+ Λik and a complex reflection
of type G (k, 1, n), is generated by {T0} ∪ {Ti | 1 ≤ i ≤ n − 1}
subject to

(Ti + 1)(Ti − q) = 0,
∏k

j=1(T0 − qij ) = 0

(T0T1)
2 = (T1T0)

2, T0Ti = TiT0 if i ≥ 2,

TiTj = TjTi if |i − j | ≠ 1, TiTjTi = TjTiTj if |i − j | = 1.
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Categorification

• g: certain Kac-Moody Lie algebra
• V (Λ): the irreducible highest weight module w.r.t. Λ over g

Lie Theory Representation Theory
Weight spaces of V (Λ) Blocks of HΛ

n

Crystal graph of V (Λ) Socle branching rule for HΛ
n

Canonical basis in V (Λ) over C Indecom. projective HΛ
n -modules

Action of the Weyl group Derived equivalences
of g on V (Λ) between blocks of HΛ

n
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Quiver Hecke algebra
a.k.a. Khovanov-Lauda-Rouquier algebra

The quiver Hecke algebra R(n) with (Qi ,j(u, v))0≤i ,j≤ℓ is the
K -algebra generated by

{e(ν) | ν = (ν1, ν2, . . . , νn) ∈ I n}, {xi | 1 ≤ i ≤ n}, {ψj | 1 ≤ j ≤ n − 1},

subject to the following relations:

(1) e(ν)e(ν ′) = δν,ν′e(ν),
∑

ν∈I n e(ν) = 1, xixj = xjxi , xie(ν) = e(ν)xi .

(2) ψie(ν) = e(si (ν))ψi , ψiψj = ψjψi if |i − j | > 1, ψ2
i e(ν) = Qνi ,νi+1(xi , xi+1)e(ν).

(3) (ψixj − xsi (j)ψi )e(ν) =


−e(ν) if j = i and νi = νi+1,
e(ν) if j = i + 1 and νi = νi+1,
0 otherwise.

(4) (ψi+1ψiψi+1 − ψiψi+1ψi )e(ν) =

{
Qνi ,νi+1 (xi ,xi+1)−Qνi ,νi+1 (xi+2,xi+1)

xi−xi+2
e(ν) if νi = νi+2,

0 otherwise.

The Z-grading on RΛ(n) is defined by

deg(e(v)) = 0, deg(xi ) = 2, deg(ϕj) ∈ {0, 1, 2,−2, 3}.
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Cyclotomic quiver Hecke algebra
The cyclotomic quiver Hecke algebra RΛ(n) is defined as the
quotient of R(n) modulo the relation

x
⟨hν1 ,Λ⟩
1 e(ν) = 0.

Theorem (Brundan-Kleshchev, 2009)
We have HΛ

n ≃ RΛ(n) if

Qi ,i (u, v) = 0,Qi ,j(u, v) = Qj ,i (v , u),

and Q0,1(u, v) = u2 − 2uv + v2 if ℓ = 1, if ℓ ≥ 2,

Qℓ,0(u, v) = u + (−1)ℓ+1 · v ,
Qi ,i+1(u, v) = u + v if 0 ≤ i < ℓ,

Qi ,j(u, v) = 1 if j ̸≡ℓ+1 i , i ± 1.
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Properties of RΛ(n)

• RΛ(n) categorifies the quantum group Uq(g).

• RΛ(n) is a symmetric algebra, see [Shan-Varagnolo-Vasserot, 2017].

• In affine type A ([Brundan-kleshchev, 2009]), we have,

dimq e(v)R
Λ(n)e(v ′) =

∑
λ⊢n, S,T∈Std(λ),
ωS=ν, ωT=ν′

qdeg(S)+deg(T )

• RΛ(β) ∼derived RΛ(β′) if both Λ− β and Λ− β′ lie in

{µ−mδ | µ ∈ max+(Λ),m ∈ Z≥0},

which is the W -orbit of the set P(Λ) of weights of V (Λ), where W is the affine

symmetric group and V (Λ) is the integrable highest weight module of the

quantum group. See: [Chuang-Rouquier, 2008].
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Main result on Hecke algebras

A: a non-local block algebra of RΛ(n) of affine type A(1)
ℓ .

Theorem (Ariki-Song-W., 2023)

(1) If A is representation-finite, it is derived equivalent to a Brauer
tree algebra given by

(2) If A is tame, it is derived equivalent to one of
• the Brauer graph algebra given by

k k k k k k

where k = |Λ| and #vertices = ℓ+ 1.
• the Brauer graph algebra given by

m m m m m

where m and #vertices could be calculated explicitly.
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Brauer graph algebra

e.g., the Brauer graph

2 1 2 2 2 3 2 4 2

gives a bound quiver algebra with

1
%% // 2 //oo 3oo // 4oo ee

and

1
2

1 1
2

1

⊕

2
1 3
2 2
1 3

2

⊕

3
2 4
3 3
2 4

3

⊕

4
3
4 4
3

4
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τ-tilting theory
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Tilting complex

Set KA := Kb(proj A). We fix
• thick T : the smallest thick subcategory of KA containing T

Definition (Aihara-Iyama, 2012)
A complex T ∈ KA is said to be
(1) presilting if HomKA(T ,T [i ]) = 0, for any i > 0.

(2) silting if T is presilting and thick T = KA.

(3) tilting if T is silting and HomKA(T ,T [i ]) = 0, for any i < 0.

Silting = Tilting for symmetric algebras, e.g., RΛ(n).
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Silting mutation

Definition (Aihara-Iyama, 2012)
∀T ,S ∈ siltA, we say T ≥ S if HomKA(T ,S [i ]) = 0 for any i > 0.

Theorem-Definition (Aihara-Iyama, 2012)
For any S ,T ∈ siltA, the following conditions are equivalent.
(1) S is a irreducible left mutation of T , i.e., S = µ−i (T ).

(2) T is a irreducible right mutation of S , i.e., T = µ+i (S).

(3) T > S and there is no X ∈ silt A such that T > X > S .

Mutation graph
T1 ⊕ · · · ⊕ Tj ⊕ · · · ⊕ Tn −→ T1 ⊕ · · · ⊕ T ∗

j ⊕ · · · ⊕ Tn
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2-term silting complex

A complex in KA is called 2-term if it is homotopy equivalent to a
complex T of the form

· · · // 0 // T−1 d−1
T // T 0 // 0 // · · · .

Theorem (Brustle-Yang, 2013)
For any T ∈ silt A, set B := EndA T . There exists a bijection

{S | T ≥ S ≥ T [1]} 1:1−→ 2-siltB

which commutes with mutations.
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τ-tilting theory

Theorem (Adachi-Iyama-Reiten, 2014)
There exists a bijection between 2-siltA and sτ -tiltA given by

T 7→ H0(T ),

which commutes with mutations.

Definition (AIR, 2014)
Let M be a right A-module. Then,
(1) M is called τ -rigid if HomA(M, τM) = 0.
(2) M is called τ -tilting if M is τ -rigid and |M| = |A|.
(3) M is called support τ -tilting if M is a τ -tilting

(A/AeA)-module for an idempotent e of A.
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Nakayama functor ν(−) : proj A → inj A

Take the minimal projective presentation of M as

P1
f1−→ P0

f0−→ M −→ 0,

the Auslander-Reiten translation τM is defined by the following
exact sequence:

0 −→ τM −→ νP1
νf1−→ νP0,

that is, τM = ker νf1.
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Mutation graph

Proposition (Adachi-Iyama-Reiten, 2014)
If the mutation graph H(sτ -tiltA) contains a finite connected
component ∆, then H(sτ -tiltA) = ∆.

e.g., set A := KQ/I with

1 α // 2 βee and β2 = 0.

The mutation graph H(sτ -tiltA) is displayed as

1
2
2
⊕ 2

2
2
2

1
2
2
⊕ 1

2

1
2 1 ⊕ 1

2

1
2 1 0
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Main result on symmetric algebras

Theorem (Ariki-Song-Hudak-W., 2024)
Let A1,A2, . . . ,As be symmetric algebras which are derived
equivalent to each other. If
(1) the set sτ -tiltAi is finite, for any 1 ≤ i ≤ s.
(2) EndAi

(µ−X (Ai )) ≃ Aj for some 1 ≤ j ≤ s, with respect to any
indecomposable projective direct summand X of the left
regular module Ai for 1 ≤ i ≤ s,

then any algebra B derived equivalent to A1, is Morita equivalent
to Ai for some 1 ≤ i ≤ s.
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Proof strategy: Suppose Ti ∈ 2-tiltA1, and Ai := EndKAi
Ti−1.

A1 //

End
��

T1

End��

// T2 //

End

��

T3

End

��

// T4 //

End

��

· · ·

End

��

// A1[1]

End

��

A1 // µ−i1 (A1)

End
��

A2 // µ−i2 (A2)

End
��

A3 // µ−i3 (A3)

End
��

A4 // µ−i4 (A4)

��
· · · // · · ·

��
· · · // A1
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Example of affine type A

e.g., the Brauer graph algebra given by

2 2 2 2 2

is derived equivalent to Brauer graph algebras given by

2
2 2 2

2

and

2 2 2 2 2
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Let A be a Brauer graph algebra with Brauer graph ΓA.

Theorem (Antipov-Zvonareva, 2022)
If B is derived equivalent to A, B is also a Brauer graph algebra.

Theorem (Opper-Zvonareva, 2022)
A ∼derived B if and only if the following conditions hold.
(1) ΓA and ΓB share the same number of vertices, edges, faces,
(2) the multisets of multiplicities and the multisets of perimeters

of faces of ΓA and ΓB coincide,
(3) either both or none of ΓA and ΓB are bipartite.
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Application
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Example of affine type C

A: the block algebra of RΛ(n) of affine type C(1)
ℓ with respect to

Λ = Λ0 + 2Λ1, β = α0 + α1.

Proposition (Ariki-Hudak-Song-W., 2024)
A is tame and Morita equivalent to A = KQ/I with

◦
µ //

α
%%

◦
ν

oo βee

bounded by α2 = 0, β2 = νµ, αµ = µβ, βν = να.

This is not a Brauer graph algebra!
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Tilting quiver of A

· · ·

µ−1 (µ
−
1 (µ

−
1 (A))) B

22

��

· · ·[1]
ll

µ−1 (µ
−
1 (A)) B

��

44

· · ·

µ−2 (µ
−
1 (µ

−
1 (µ

−
1 (A)))) A

[1]
kk

22

· · · · · ·[1]ll

µ−2 (A) A

��

jj

µ−1 (A) B

��

;;

· · ·
[1]
44

· · ·

µ−2 (µ
−
2 (µ

−
1 (µ

−
1 (A)))) A

��

22

· · ·[1]ll

µ−2 (µ
−
1 (µ

−
1 (A))) A

[1]

cc

44

· · ·

µ−1 (µ
−
2 (µ

−
2 (µ

−
1 (µ

−
1 (A))))) B

[1]
kk

22

A

IIUU

· · ·[1]
kk

· · ·

µ−2 (µ
−
2 (µ

−
1 (A))) A

��

11

· · · · · ·
[1]

mm

µ−1 (µ
−
2 (A)) B

[1]

CC

jj

µ−2 (µ
−
1 (A)) A

[1]

[[

55

· · · [1] 44 · · ·

µ−1 (µ
−
2 (µ

−
2 (µ

−
1 (A)))) B

[1]
ii

11

· · ·[1]
mm
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It gives B = KQ/I with

◦
µ //

α
%%

◦
ν

oo βee

and α2 = µν, β2 = νµ, αµ = µβ, βν = να, µνµ = νµν = 0.

Proposition (Ariki-Hudak-Song-W., 2024)
If C is derived equivalent to A, then C is isomorphic to A or B .
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Open Problem

RΛ(β)
derived //

Morita

��

RΛ(β′)

???

A derived // B
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Thank you for listening!
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